Let G = (V, E) be an undirected graph. The spanning trees polytope P (G) is the convex hull of the all spanning trees of G. In this paper, we describe all facets of P (G) as a consequence of the facets of the bases polytope of a matroid.
subgraph H of G is a subgraph for which E(H) is a locked subset of M(G). In this paper, we give a minimal description of P (G). For the best of our knowledge, it was not mentioned anywhere. In [12] (page 862, discussion after Corollary 50.7d), and referring to a result of Grötschel [9] , Schrijver claimed that the nontrivial facets of P (G) are described by induced and 2-connected subgraphs as for the forests polytope, i.e., the convex hull of all forests of G (a minimal description of the forests polytope is the set of all x ∈ R E satisfying: x(e) ≥ 0 for any edge e, and x(E(U)) ≤ |U| − 1 for any U ⊆ E inducing a 2-connected subgraph with |U| ≥ 2 [11] ). In this paper, we show that some further assumptions are needed (see Theorem 2.3). Next, we present a counterexample to Schrijver's claim.
Let C be the cycle bcef b, L 1 = {ab, af }, and L 2 = {dc, de}. It is not difficult to see that the subgraphs G(C ∪ L i ), i = 1, 2, are locked (see Theorem 2.3 hereinbelow). In the other hand, for x ∈ P (G),
is redundant even if C induces a 2-connected subgraph and |V (C)| = 4 ≥ 2. Note that this idea happened because it was thought that facets of the forests polytope are kept for one of its faces which is P (G). The remainder of the paper is organized as follows: in section 2, we give a minimal description of P (G), then we conclude in section 3.
Facets of the spanning trees polytope
A minimal description of P (M) has been described independently by many authors [6, 7, 8] .
Theorem 2.1. A minimal description of P (M) is the set of all x ∈ R E satisfying the following constraints:
For the graphical case, a parallel closure is a set of all parallel edges to one fixed edge plus this edge, i.e., a maximal set of edges having the same endpoints, and a coparallel closure is a series closure, i.e., a maximal set of edges forming a simple path for which all involved vertices except its two terminals have degree 2. It remains to translate lockdness in graphical terms.
We use the following notations. n = |V |, m = |E|, n H = |V (H), and m H = |E(H)|. First, we prove the following lemma.
Lemma 2.2. Let H be a 2-connected subgraph of G, and {L 1 , L 2 } be a partition of
Now we can characterize locked subgraphs by means of graphs terminology.
H is a locked subgraph of G if and only if H is an induced and 2-connected subgraph such that 3 ≤ n H ≤ n − 1, and H is a connected subgraph in G(V \V (H)).
Proof. Without loss of generality, we can suppose that G is 2-connected.
It is not difficult to see that M(H) is closed and 2-connected in M(G) if and only if
H is an induced and 2-connected subgraph of G. Now, suppose that E(H) is closed and 2-connected, and
, which is equivalent to: n H − 1 + n − 1 < n H∪L 1 − 1 + n H∪L 2 − 1, i.e., H is connected in G(V \V (H)) according to the previous lemma. Let check the condition: min{r(E(H)), r * (E(H))} ≥ 2. Since r(E(H)) = n H −1 then we have r(E(H)) ≥ 2 if and only if n H ≥ 3. Moreover, r
In both cases, the later inequality is verified and we do not need to mention it. Furthermore, M(H) is closed and distinct from E, i.e., r(E(H)) ≤ r(E) − 1, which is equivalent to: n H ≤ n − 1.
So the consequence for the spanning tree polytope is: Corollary 2.4. A minimal description of P (G) is the set of all x ∈ R E satisfying the following constraints:
x(P ) ≤ 1 f or any parallel closure P of G (5)
x(S) ≥ |S| − 1 f or any series closure S of G (6)
x(E(H)) ≤ n H − 1 f or any locked subgraph H of G (7)
x(E) = n − 1
Conclusion
We have described all facets of P (G) correcting a well known idea about nontrivial ones of them.
